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1. Introduction
High accuracy large scale measurements are most commonly 
made using either a laser tracker or a photogrammetry system. 
Large structures with scales ranging from 1 m to 100s of 
metres with tolerances at or below 1 mm commonly rely on 
laser tracker measurements throughout the manufacturing 
process [1]. For example, assembly jigs and tooling are set 
using laser trackers [2], whilst large machine tools and robotic 
assembly systems are calibrated using laser trackers. Laser 
trackers are also used to align components during assembly 
[3], to check the form of emerging assemblies and to verify 
the form of finished products. Photogrammetry is typically 
used when it is beneficial to measure multiple coordinates 
simultaneously or when dynamic tracking of multiple coor-
dinates is required.
A laser tracker is a large volume coordinate measurement 
device consisting of a laser distance measurement system 
mounted on a motorized gimbal arrangement with encoders to 
measure the pointing angles of the laser; azimuth and eleva-
tion [4]. A spherically mounted retroreflector (SMR) is used 
to return the laser beam to the laser tracker and to probe items 
to be measured. Since the SMR is a retroreflector the laser 
light is returned along a path parallel to the outgoing path, any 
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offset between these paths is detected by a position sensitive 
detector (PSD) within the laser tracker optics. The PSD pro-
vides feedback to the motors on the gimbal allowing the laser 
to be aligned with the optical centre of the SMR. This can also 
take place in real-time allowing the laser to track the SMR as it 
is moved [5]. The optical centre of the SMR’s retroreflector is 
accurately aligned with the physical centre of its outer sphere 
so that the angular and distance measurements made by the 
laser correspond to the coordinates of the sphere’s centre. The 
known radius of the sphere can then be used to offset these 
coordinates when probing surfaces with the SMR.
Laser trackers were originally developed for the calibra-
tion of industrial robots in the early 1980s [6]. It was quickly 
realised that they had considerably more potential and they 
replaced rapidly photogrammetry systems and theodolites [7] 
to become the standard measurement system for large scale 
high value products such as aircraft and spacecraft [8, 9]. 
Although there have been considerable advances in distance 
measurement techniques, miniaturization and practicality 
the basic functionality of a laser tracker remains unchanged. 
Although many of the examples considered in this article refer 
to laser trackers, the methods of propagating uncertainty from 
coordinate measurements through the optical tooling and 
datum structures to give uncertainty of actual measurements 
apply equally to measurements made using photogrammetry 
principles.
The way in which laser trackers and photogrammetry sys-
tems are used to measure tools, machines and products varies 
greatly depending on the requirements of the measurement. In 
some cases, such as the measurement of freeform surfaces, the 
target may be held against the surface to directly probe coor-
dinates. More often, the commonly termed ‘optical tooling’ is 
used to hold the target at a known position relative to the fea-
ture being measured. This tooling typically features a three-
point kinematic connection with magnetic retention to locate 
a spherically mounted target in at least one position. It also 
has other features to locate the tooling on the feature of the 
part being measured. Pins are often used to locate into holes 
and against edges. Kinematic mounts on a simple flat disk are 
used as common reference targets to locate different instru-
ment stations relative to one-another and to monitor move-
ment of structures.
Determining whether a measurement will be fit for purpose 
will normally involve some consideration of the uncertainty of 
the measurement with respect to the specification to be veri-
fied. Different methodologies can be used to do this, such as 
an uncertainty evaluation approach [10, 11] or a measurement 
systems analysis approach [12]. The relative merits of each 
approach have been discussed previously [13] and are there-
fore not described in this paper. Here an uncertainty evalua-
tion approach is used.
Although further work is still required in some areas; for 
most practical purposes it is possible to model the uncertainty 
of laser tracker systems and networks. All of these models 
give some evaluation of the uncertainty in the coordinates of 
the SMR centre at each measured point. For some measure-
ments this is sufficient. In many cases, however, the SMR is 
not directly able to measure the feature of interest. In these 
cases some intermediate tooling may be used to interface with 
the part being measured and some geometric calculation then 
carried out to infer the position of the feature being measured. 
This intermediate tooling is referred to as facility tooling or 
optical tooling. The optical tooling used and geometry fitting 
operations carried out can have a very significant impact on 
the uncertainty of measurements. A complete evaluation of 
uncertainty propagation through the measurement instrument, 
multi-instrument network, optical tooling and establishing the 
coordinate frame has not previously been considered in the 
literature. This paper addresses this gap in the knowledge.
2. Large aero gas turbine engine measurement
A measurement process for a large aero gas turbine engine 
is used in this article to explain and validate the generic 
methods. In the following sections  each stage in the propa-
gation of uncertainty is considered sequentially; the instru-
ment; multi-instrument networks; optical tooling and finally 
the datum structure used to locate the coordinate frame. In 
each section  the generic methods are first described and the 
application of the methods to the engine measurement is then 
detailed.
In this section an overview of the engine measurement pro-
cess is provided as background material. The measurement 
process involved positioning a laser tracker at three different 
locations in order to measure all of the datum features on the 
engine. In total there were 6 datum features, each consisting 
of a pair of lugs with a coaxial bore running through both 
lugs. These lugs are used to mount the engine on the aircraft 
wing. A datum point was constructed by first measuring a 
point on each lug at the intersection between the axis of the 
bore and the planar inner face of the lug. The datum point for 
each pair of lugs was then found by averaging the coordinates 
for these two constructed points, as shown in figure 1. In this 
way 6 datum points were constructed. A number of different 
types of tooling were used in the study to locate the bore and 
inner face, as described in section 5. The 6 datum points were 
then used to locate a coordinate frame according to a defined 
Figure 1. Aero Engine which was measured with close up of datum 
point constructed from measurements of lugs.
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datum structure as described in section 6. Subsequent meas-
urements of features on the engine were made with respect to 
this coordinate system.
3. SMR uncertainty relative to instrument
A considerable amount of work has been carried out to enable 
the evaluation of uncertainty in laser tracker measurements 
[14–16]. This work includes traceability of the laser ranging 
system and modelling of geometric errors in the mechanical 
system used to direct the laser beam towards the SMR. This 
enables an understanding of the uncertainty of coordinates 
measured at the centre of the SMR from a single laser tracker 
location.
The most widely used model for the uncertainty of coor-
dinates measured using a laser tracker considers each coor-
dinate in a reference frame with the x-axis aligned along the 
direction of the laser. The uncertainty of the x-coordinate, Ux, 
is then dominated by the uncertainty in the distance measure-
ment of the laser tracker while the uncertainties in the y and 
z coordinates, Uy and Uz, are dominated by the uncertainty 
in its angular measurement. Each of these is considered to be 
made up of a constant term and a range dependent term which 
increases linearly with distance from the laser tracker so that
Ux A Bx= + (1)
Uy Uz C Dx= = + (2)
where x is the distance from the laser tracker to the target, 
A is the constant uncertainty component for range dominated 
measurements, B is the range dependent uncertainty factor 
for range dominated measurements, C is the constant uncer-
tainty component for angle dominated measurements, and D 
is the range dependent uncertainty factor for angle dominated 
measurements.
Once coordinate uncertainties have been calculated with 
respect to reference frames aligned along each beam path, 
coordinate transformations can be used to convert the coor-
dinate uncertainties into a common coordinate system. This 
simple model is used by the American Society of Mechanical 
Engineers (ASME) for ‘Performance Evaluation of Laser-
Based Spherical Coordinate Measurement Systems’ [17] 
and, subsequently, all the laser tracker manufacturers’ speci-
fications now use this model. A slightly simplified version of 
this model, in which the constant term is omitted for angle 
dominated uncertainties, is also used by some measurement 
software [18].
Slightly more complex models are used by some 
researchers and in experimental network adjustment software, 
for example, assigning different values to the vertical and hor-
izontal angle encoders and including constants for systematic 
errors such as global scale error and dead path error [19]. This 
form of model is used in this study since it accounts for cor-
relation between measurements resulting from the systematic 
errors.
Full ‘virtual laser tracker’ models, which explicitly con-
sider all of the geometric errors, are sometimes used [20]. 
The main use of these more complex models is, however, 
during calibration. Once errors have been compensated it is 
usually sufficient to use one of the simpler models for coor-
dinate uncertainty estimation and network adjustment. For 
the engine measurement, instrument locations were heavily 
constrained by the need to maintain multiple lines of sight to 
datum features on the engine and reference targets used to fit 
the multi-station measurements into a single datum frame.
A total of three laser tracker stations were positioned to the 
sides of the engine, approximately in the positive and negative 
y-direction from datum points. Uncertainty in the individual 
laser tracker measurements was therefore estimated by taking 
the manufacturer’s maximum permissible error (MPE) for 
range in the y-direction and for angle in the x and z directions. 
At a range of 6 m the tracker MPE values at 3σ are there-
fore  ±31 µm along the axis of the laser beam and  ±75 µm in 
the two axes perpendicular to the laser beam (for which uncer-
tainty is dominated by the angular encoders) [21]. It should be 
noted that throughout this paper where a standard deviation 
is calculated directly, this is expressed as a σ value. When a 
standard uncertainty resulting from uncertainty propagation 
is expanded by a coverage factor this factor is expressed as a 
k value.
4. Networked measurements
Models for the uncertainty in a single instrument, described 
previously, enable an understanding of the uncertainty of 
coordinates measured at a target from a single instrument 
location. The propagation of uncertainty through multi- station 
networks has also be researched using Monte Carlo simula-
tion (MCS) techniques [18], which have been applied to 
industrial measurement software [22], and approaches based 
on the bundle adjustment techniques [23], well established in 
surveying and photogrammetry.
For the engine measurement, three instrument stations 
were used to measure all of the datum features on the engine. 
The uncertainty of the network measurements was determined 
by first calculating the azimuth, elevation and distance of each 
target from each instrument station. These were used to deter-
mine the Jacobian matrix of partial derivatives for the sensi-
tivity of each measurement to uncertainty in sensor readings. 
The Jacobian matrix was combined with the instrument’s 
uncertainty parameters to weight the ‘trustworthiness’ of each 
measurement, such that the weights are inversely proportional 
to the uncertainty. This was used to determine the coordinate 
uncertainties and covariances [24].
The positional uncertainties of the SMR’s used to measure 
the V-groove tooling were first determined in this way. This 
used the current un-optimized network shown in figure 2(a) 
and assumed that 5 points were measured per V-groove with 
an angle of coverage of 80° for four of the datum points and 
55° for the remaining two datum points, due to line-of-sight 
(LOS) constraints. The simulation also assumed that the 
tracker was operating according to the manufacturer’s max-
imum permissible error (MPE) specifications.
The work now described sequentially following the propa-
gation of uncertainty. In reality it was not possible to carry out 
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optimization of the measurement network shown in figure 2(b) 
until after the design of improved tooling, described in section 5. 
The reason for this is that the design of the tooling determines 
the SMR positions required. The Tracker and reference target 
positions were then optimized to achieve line of sight whilst 
minimizing uncertainty.
5. Tooling uncertainty
Due to line of sight restrictions and bore diameter constraints, 
the direct measurement of bores may not be possible. Optical 
tooling is therefore often used. In this study 3 types of optical 
tooling are considered, which can be used to measure the posi-
tion of a bore. Each of these has a shaft which locates into the 
bore and a shoulder which locates against the end face. The 
uncertainty due to the fit of the shaft in the bore is assumed to 
be negligible since it is dependent on the tolerance of the hole, 
which is outside the scope of this study. Due to the geometry 
of the bore and surrounding part it is not possible to directly 
place a single SMR at the intersection between the bore and 
the shoulder (the point of interest). Therefore each type of 
tooling also locates an SMR at 2 or more positions allowing 
the point of interest to be found.
The three types of tooling considered in this study are shown 
in figure 3; a V-groove design; a single sided vector bar and a 
symmetrical vector bar. The V-groove design has a V-groove 
profile revolved about the axis of the locating shaft, an SMR 
is placed in the groove at a number of locations and a circle 
is best fit through these points. The centre of the circle gives 
a point on the axis of the bore and the normal to the plane of 
the circle gives the direction vector of the axis, the known dis-
tance between the plane of the V-groove and the plane of the 
shoulder then give the position of the bore end fact along this 
vector. Vector bar tooling has 2 SMR location positions along 
the axis of the shaft and at known distances from the shoulder, 
locating the point of interest is then a simple offset from the 
SMR coordinates along the direction of the fitted line. This is 
the case for both types of vector bar. Where datums are con-
structed from pairs of points it may be possible to average 
coordinates without considering calibrated vector bar offsets. 
This is described for the engine measurement below.
Analysis of each type of generic bore measurement tool 
was carried out using Monte Carlo simulation (MCS), as evi-
dent in figure  4, to investigate the sensitivity to parameters 
involving the number and position of SMR locations. All 
simulations used the same assumptions about the laser tracker 
and environmental uncertainties which result in an uncertainty 
of the SMR position of approximately 80 µm at 3σ.
Simulations showed that for V-groove tooling the radius of 
the points probed on the tooling has no significant effect on 
uncertainty. The angle of arc over which points were used to 
fit a circle was varied between 40° and 180°. The radius was 
set at 85 mm and 5 points were used to best fit a circle. This 
showed that when an arc of less than 120° is used the uncer-
tainty increases significantly with an uncertainty approaching 
1 mm for an arc of 40°, these results are summarised in figure 5 
and agree with similar studies carried out previously [25].
A simulation was then carried out to investigate the effect 
of the number of points probed. The arc covered by the points 
was set at 80° and the radius at 85 mm. The number of points 
probed as incremented between 4 and 15 points with a total 
reduction in uncertainty over this range of values 0.22 mm–
0.15 mm. This would, however, impact negatively on process 
time and a much more significant improvement could be 
achieved by increasing the arc covered, as shown previously.
For vector bar tooling the simulations show that for sym-
metrical designs the length has no effect on uncertainty while 
for single sided designs uncertainty increases strongly as 
length decreases, as shown in figure  6(a). Considering the 
single sided vector bar design it can be shown that the impor-
tant design parameter is the position of the first SMR rela-
tive to the total vector bar length. This can be understood by 
expressing the distance from the measurement point to the first 
SMR as a percentage of the distance from the measurement 
point to the second SMR. The first SMR should be no more 
than 30% of the total length from the measurement point to 
achieve an optimal uncertainty value, as shown in figure 6(b). 
Achieving less than a 10% position would require very long 
vector bars, which are typically not practical. The results of 
these simulations are summarised in table 1.
It is also useful to note that if a vector bar can be accessed 
from both sides of the datum features, it is not necessary 
to calibrate the length of the bar or the thickness of the ‘C’ 
washer. Instead the midpoint between two surfaces can be 
Figure 2. Tracker network configuration; original (left) and 
optimized (right).
Figure 3. Three designs of optical tooling for bore measurement.
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found by reversing the bar. There is then no additional uncer-
tainty due to calibration of the bar or thermal expansion of the 
bar. This can be proven analytically. Considering the vector 
bar, ‘C’ washer and part shown in figure 7, for which 8 meas-
urements of an SMR are taken, it can be shown that the lengths 
of the vector bar and washer cancel out. The 8 measurements 
are taken at each end of the vector bar, with the vector bar in 
4 positions. First the vector bar is located against the first 
datum face, with true position X1, and measurements M1 
and M2 are taken at each end respectively. The vector bar is 
then moved along its axis to locate against the other datum 
face, with true position X2, and measurements M3 and M4 are 
taken. The vector bar is then rotated by 180° and the process is 
repeated yielding measurements M5 through M8. The relations 
between the measured vector bar points (M1 through M8) and 
the ‘C’ washer points, X1 and X2, are given by
M X L L L1 1 1 4 3= + − − (3)
M X L L2 1 1 2= + + (4)
M X L L3 2 1 3= − − (5)
M X L L L4 2 1 4 2= − + + (6)
M X L L L5 1 1 4 2= + − − (7)
M X L L6 1 1 3= + + (8)
M X L L7 2 1 2= − − (9)
M X L L L8 2 1 4 3= − + + (10)
The average of the measured points is equal to the mid-
point between the two datum surfaces and the dimensions of 
the tooling do not need to be known since summation of equa-
tions (3) through (10) shows that the lengths L1, L2, L3 and L4 
cancel to yield:
X X M
2 8
i i1 2 1
8∑+
= =
 
(11)
Figure 4. 3D Charts showing magnified errors from MCS’s of 
optical tooling (a) V-groove tooling located in 2 lugs and used to 
find datum point between them; and (b) symmetrical vector bar 
tooling.
Figure 5. V-groove tooling simulation results for the effect of the 
arc covered on uncertainty of measurement.
Figure 6. Results of MCS for vector bars; (a) single sided and 
symmetrical by total length; and (b) single sided by relative position 
of outer SMR.
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This approach has the added advantage of cancelling errors 
in shaft alignment if the vector bar is also rotated 180° 
between each measurement position. This is illustrated in 
figure  8 where alignment errors are present in the shaft 
and equations (3)–(6) remain true for the x-position of the 
datum.
In this case the average errors in the y and z positions are 
given by
E Y Y Y Y 0y 1 2 1 2= + − − = (12)
E Z Z Z Z 0z 1 2 1 2= + − − = (13)
Using multiple locations of the vector bar will also reduce 
uncertainty in the tightening of the washer against the datum 
faces through averaging. In fact it is also possible to find the 
midpoint with only two measurements; M1 and M8, using 
a single sided vector bar. This would save time, but would 
increase uncertainty, as this measurement process would not 
cancel errors in shaft alignment or average uncertainty due to 
tightening.
The engine measurement baseline process used V-groove 
tooling, which due to line-of-sight constraints, was proved 
over an arc of between 40° and 80° depending on which 
datum point it was applied. From the above analysis it is 
clear that this will result in considerably increased uncer-
tainty of measurement compared to other tooling options. 
Even in the best case of an 80° arc this would result in 
an uncertainty of around 0.2 mm compared with around 
0.05 mm for symmetrical vector bars of any length and 
0.1 mm for single sided vector bars of sufficient length. In 
order to check the usability of the symmetrical vector bar, 
in terms of operator access to the engine datums and line of 
sight, a series of prototypes were constructed. Early proto-
types were designed to be rapidly adjustable on-site so that 
the length could be adapted to achieve the required lines of 
sight while ensuring it could still be easily inserted into the 
engine datums by an operator. Lengths of stud were com-
bined with nuts to enable the length of the vector bars and 
therefore the location of SMR mounts to be adjusted in this 
way. An example of one of these early prototypes is shown 
in figure 9.
The initial symmetrical vector bar design was found to 
be suitable for use on 2 datum points while one required a 
very short double sided, but not symmetrical, design placed 
through each lug in turn and with one SMR visible between 
the lugs and one on the outside as shown in figure 10.
For the 3 tail mount datums, double sided vector bars 
were not possible due to line of sight restrictions. It was 
therefore decided to use a single sided vector bar with 
both SMR’s mounted rear of the tail mounts, as shown in 
figure 11.
Following initial tests MKII tooling designs were created 
as shown in figures 10–12. These were optimized for stiffness, 
Figure 7. Vector bar reversal to obtain midpoint.
Figure 8. Vector bar rotation to cancel alignment errors.
Figure 9. Early rapidly reconfigurable tooling; (a) the prototype; 
(b) testing on engine.
Table 1. Summary of bore measurement tool MCS.
Type % of SMR uncertainty (%)
5 point circle, 40° coverage 1088
5 point circle, 80° coverage 265
5 point circle, 180° coverage 55
2 point symmetrical vector bar 70
2 point single sided vector bar with 
first SMR at 30% of total length
150
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weight, accessibility and line-of-sight. Finite element analysis 
was used to determine deflection under gravity loading which 
was found to be less than 10 µm in all cases. These designs 
were then rapid prototyped using 3D printing and tested on 
the engine.
6. Coordinate frame uncertainty
A datum structure defines the way in which features on 
the part are used to locate a coordinate frame, also called a 
datum frame. Datum structures typically involve some form 
of ‘3-2-1’ alignment in which the primary datum controls 
3° of freedom, the secondary datum controls 2° of freedom 
and the tertiary datum controls the final degree of freedom. 
The simplest and most common form of 3-2-1 alignment 
involves datums consisting of 3 nominally perpendicular 
planes. Consider an example where these planes are arranged 
so that their surface normals point in the x-direction for the 
primary datum, the y-direction for the secondary datum and 
the z-direction for the tertiary datum. In this case; 3 points 
are measured on the primary datum plane to control transla-
tion in the x-direction and rotation about the y and z axes; 2 
points are measured on the secondary datum plane to con-
trol translation in y and rotation about rotation about x; and 
finally one point is measured on the tertiary datum to control 
translation in z.
The uncertainty in each of the 6° of freedom results from 
the uncertainties of the individual measurements and their 
sensitivity coefficients. Obtaining a full analytical model for 
these sensitivity coefficients can be challenging for complex 
datum frames and will normally involve some simplifying 
assumptions.
The number of iterations required to achieve some pre-
defined level of accuracy for a MCS cannot be determined 
without adaptively trying different MCS’s [26]. A conv-
ergence study was therefore carried out to determine the itera-
tions required to give an appropriate accuracy for this type of 
MCS. The study carried out 100 simulations at each iteration 
level to determine the variation between simulation results 
as a fraction of the predicted simulation results. 50 iteration 
levels were simulated with values between 3 iterations and 
7500 iterations. The study was applied to the simple simula-
tion of a single coordinate measurement and fitting a datum 
frame to three planes using a 3-2-1 alignment. The results, 
summarised in figure 13, showed that the complexity of the 
simulation had no effect on the iteration levels required and 
that there is an exponential relationship between simulation 
iterations and simulation precision. To achieve a precision of 
better than 5% required approximately 200 iterations while to 
achieve better than 1% required over 7000 iterations. There is 
no reason to expect significant bias in a well-designed simula-
tion and therefore the precision should represent the accuracy. 
The relationship between simulation iterations and simulation 
precision is given by
Figure 10. Short double sided design.
Figure 11. Single sided vector bar design for tail mount datums.
Figure 12. Tooling FEA; (a) thrust lugs; (b) tail mounts.
Figure 13. Effect of iterations of Monte Carlo simulation.
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i0.76i
s
0.512σ σ = ⋅ − (14)
where σs is the standard deviation in the coordinates as pre-
dicted by the simulation and σi is the standard deviation in σs 
for multiple simulations run with i iterations. σi/σs is therefore 
a measure of simulation precision.
For the engine measurement the datum measurement pro-
cess was a 3-2-1 alignment involving six datum points. Each 
datum point is constructed from 4 datums features; the 2 nom-
inally coaxial bores running through a pair of lugs; and the 
inner faces of these lugs, as shown in figure 1. For each lug a 
point is first constructed at the intersection of the bore axis and 
the inner face. The datum point is then found as the midpoint 
of the two constructed points. The uncertainty of these tooling 
inferred points was discussed in the preceding section.
The datum points were then used to construct a coordinate 
system, as shown in figure 14, by fitting three planes:
 (a) The X-Y Plane is constructed first by fitting a plane through 
A2 and A3 tangent to a sphere of radius 660.955 mm about 
A1. This constrains translation in the z-direction, rotation 
about x and rotation about y (z, i and j respectively).
 (b) The X-Z Plane is constructed next by fitting a plane perpend-
icular to the X-Y plane through A4 and tangent to a sphere of 
radius 611.64 mm about A1. This constrains translation in 
the y-direction and rotation about z (y and k respectively).
Figure 14. Datum structure for aero engine (a) Location of X–Y  
Plane constraining translation in the z-direction and rotation 
about the x and y axes. (b) Location of the X–Z Plane constraining 
translation in the y-direction and rotation about the z axis. (c) 
Location of the Y–Z Plane constraining translation in the x-direction.
 (c) Finally the Y-Z Plane is constructed by fitting a plane 
perpendicular to the X-Y and X-Z planes and passing 
through a point midway between A5 and A6, constraining 
the remaining degree of freedom; translation in the 
x-direction.
The propagation of uncertainty from the tooling inferred 
points through the datum structure gives an uncertainty in 
position and orientation of the coordinate system.
Assuming approximately equal uncertainty for each datum 
point, the uncertainty in the translation of the coordinate 
system in each axis can be estimated as the average uncer-
tainty for the points used to locate the plane divided by the 
root of the number of points:
UC
UA UA5 6
2 2
x
x x=
+
⋅
 (15)
UC
UA UA1 4
2 2
y
y y=
+
⋅
 (16)
UC
UA UA UA1 2 3
3 3
z
z z z=
+ +
⋅
 (17)
where UCx is the uncertainty in the position of the coordinate 
system in the x direction and UA5x is the uncertainty of the 
datum point A5 in the x direction and so forth.
The uncertainty in the orientation of the coordinate system 
about each axis can be approximated by projecting the points 
that constrain this rotation onto the plane perpendicular to the 
axis and then considering the uncertainty in the angle of this line.
Following this approach; i is approximated as the elevation 
angle of a line projected onto the nominal Y-Z plane between 
the Y-Z coordinates of A1 and A3; j is approximated as the 
elevation angle of a line projected on the nominal X-Z plane 
between the X-Z coordinates of A1 and the averaged coor-
dinates of A2 and A3; and k is approximated as the azimuth 
angle of a line projected onto the nominal X-Y plane between 
the X-Y coordinates of A1 and A4. The nominal angles are 
therefore given by
i
A A
A A
tan
1 3
3 1
z z
y y
1=
−
−
−
 (18)
j
A
A
tan
1
1
z
A A
A A
x
1
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2
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2
z z
x x
( )
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−
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+
 (19)
k
A A
A A
tan
1 4
1 4
y y
x x
1=
−
−
− (20)
According to the law for the propagation of uncertainty [10] 
the uncertainties in these nominal angles are given by
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(23)
Deriving the partial derivatives analytically and substituting 
these into equation (21) would result in a very unwieldy equa-
tion and is not necessary. Instead the numerical value for each 
partial derivative can be calculated at the nominal angle using 
the finite difference method.
Although this analytical uncertainty evaluation provides 
a reasonable order of magnitude estimate for the uncertainty 
it makes a number of assumptions, which has an influence 
on the accuracy. Most importantly, the way in which optical 
tooling scales the uncertainty of individual laser tracker meas-
urements is highly directional and this has not been modelled 
here. A Monte Carlo simulation (MCS) approach described 
in the following section  can be applied to avoid these defi-
ciencies by considering the entire propagation of uncertainty 
through the measurement process.
7. Combined uncertainty of measurements  
with respect to coordinate system
The preceding sections  have provided relevant analysis of 
the propagation of uncertainty through individual coordinate 
measurements, multi-station networks, vector bar tooling and 
datum frames. This section  will show how an uncertainty 
budget can be used to combine the uncertainties derived ana-
lytically in the previous sections  with additional uncertain-
ties present when measurements are made with respect to the 
datum frame. The following section will then present a more 
accurate approach using Monte Carlo simulation (MCS) of 
the entire measurement process.
The simplest approach to considering the uncertainty of coor-
dinates measured with respect to the datum frame is to consider 
the worst case where coordinates are measured at the edges of 
the part furthest from the datum frame’s origin. In this case the 
measured coordinate’s uncertainty results from both positional 
and angular uncertainty in the datum frame. For each axis the 
coordinate’s uncertainty due to the datum frame is given by 
the datum frame’s positional uncertainty in that axis combined 
in quadrature with the product of the tangent of the rotation 
uncertainty for the other two axes multiplied by the maximum 
distance from the origin to the edge of the part. For example, the 
maximum uncertainty in the x-direction is given by
UM UC L U L Utan tanx x y k z j2 2 2( ) ( ) ( )= + + (24)
where UCx is the uncertainty of the datum frame in the x- 
direction, Ly is the greatest distance in y from the datum frame 
to a point on the part, Uk is the uncertainty of the datum frame 
in rotation about the z-axis, Lz is the greatest distance in z from 
the datum frame to a point on the part and Uj is the uncertainty 
of the datum frame in rotation about the y-axis.
The uncertainty due to thermal expansion of the part is 
simply the product of the dimension of the part, the coeffi-
cient of thermal expansion (CTE) for the part material and 
the uncertainty in the temperature of the part during measure-
ment. Normally, this is represented in an uncertainty budget 
as the uncertainty in the temperature stated as a source of 
uncertainty and the product of the part dimension and CTE 
stated as the corresponding sensitivity coefficient. This repre-
sents an approximation since in typical conditions there will 
be a temper ature gradient and the product may be an assembly 
with components having different CTE’s.
Applying an analytical uncertainty evaluation will involve 
combining the uncertainties into an uncertainty budget. 
Typically, uncertainty budgets consider the factors influencing 
1D measurements. For coordinate measurements used to con-
struct a datum frame with respect to which further coordinate 
measurements are made some modification to the uncertainty 
budget structure are required.
For this engine measurement it was assumed that the pri-
mary tracker station measures datums A1, A2, A4 and A6 and 
that a secondary station locates its-self to the primary station 
and then measures datums A3 and A5. Due to the orienta-
tion of the trackers the SMR coordinate uncertainties can be 
estimated by taking the manufacturers maximum permissible 
error (MPE) for range in the y-direction and for angle in the 
x and z directions [21]. At a range of 6 m the tracker MPE 
values at 3σ are therefore  ±31 µm in range and  ±75 µm in 
angle. To allow for the environmental conditions and repeat-
ability of location in the tooling these values were doubled 
and targets measured from the secondary station multiplied by 
1.3 to account for the uncertainty in the location. These fac-
tors were determined from experience of the use of the instru-
ments in the actual environment and suitable factors for other 
environ ments should be determined experimentally.
Using the facility tooling scaling factor derived from the 
sensitivity studies for the current tooling the datum point uncer-
tainties can also be derived. Using these datum point uncertain-
ties the uncertainty of the datum structure in both position and 
orientation can also be calculated. Uncertainty due to manufac-
turing tolerances of the tooling was assumed to be negligible.
The thermal expansion of the engine was calculated 
assuming a 3σ temperature variation of  ±4 °C and a CTE 
of 22 µm  m−1  °C−1. The deformation due to gravity loads 
and tooling clamping forces acting on the engine have been 
ignored due to the extreme difficulty of estimating these for a 
complex aero engine.
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The complete combined uncertainty calculation is summa-
rized in table 2 showing a combined uncertainty magnitude of 
1.223 mm for measurements at the edge of the engine. This 
analytical evaluation of the coordinate system uncertainty 
does not fully account for the 3D propagation of uncertainty; 
it also makes a number of gross assumptions as described pre-
viously. A more rigorous evaluation is provided by a numer-
ical MCS of the complete measurement process.
8. Combining uncertainty using Monte Carlo 
simulation
In general the complete process of evaluating and optimizing 
measurement uncertainty for large measurements involving 
multi-instrument networks, optical tooling and datum frames 
will involve the following steps:
 1. Identify datum structure, datum features on CAD model 
and approximate instrument stations. Key measurements 
may also be considered at this stage.
 2. Initial design of tooling for datum feature measurement 
(and key measurement features if considered at this stage).
 3. Network optimization (instrument locations and refer-
ence network, also iteration of tooling design)
 a. Objective function defined; may be datum frame posi-
tion and orientation or it may be key measurements 
with respect to the datum frame.
 b. Simulate instrument measurements.
 c. Simulate network fitting.
 d. Simulate tooling fitting.
 e. Simulate datum location.
 f. Simulate measurements (optional).
 g. Iterate datum structure and/or tooling design if 
required.
In order to obtain an improved estimate for the uncertainty 
of the engine measurement a MCS of the complete process 
was carried out. This involved first simulating the laser tracker 
network and the resulting SMR uncertainties. The SMR uncer-
tainties were then used as seed uncertainties to simulate the 
uncertainty in best-fitting circles to locate the centres of the 
V-groove tooling, to find the datum points midway between 
Table 2. Combined uncertainty budget (analytical) for current process.
Datum 
point
SMR uncertainty at k  =  3 (mm)
Facility tooling 
arc coverage (°)
Facility tooling 
scaling factor
Datum point uncertainty at  
k  =  3 (mm)
x y z x y z
A1 0.150 0.062 0.150 80 2.67 0.401 0.167 0.401
A2 0.150 0.062 0.150 80 2.67 0.401 0.167 0.401
A3 0.195 0.081 0.195 80 2.67 0.522 0.217 0.522
A4 0.150 0.062 0.150 80 2.67 0.401 0.167 0.401
A5 0.195 0.081 0.195 60 4.76 0.928 0.386 0.928
A6 0.150 0.062 0.150 60 4.76 0.714 0.297 0.714
Datum translation 0.580 0.118 0.255
Datum rotation (°) 0.027 0.010 0.005
Max dist. from origin 2360 1577 2760
Resulting uncertainty at edge 0.753 0.230 0.883
Thermal expansion 0.208 0.139 0.243
Combined uncertainty 0.781 0.269 0.916
Magnitude 1.223
Figure 15. Simulations for measurement process using (a) current 
process with V-groove tooling, and (b) optimized process with 
vector bar tooling.
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pairs of V-groove locations, and to fit the datum structure to 
the datum points, as illustrated in figure 15. MCS was used 
with 80 000 iterations.
The results of the MCS are given in table  3. A5 and A6 
locate the datum structure in the x-direction, but have part-
icularly high uncertainty in the x-direction due primarily to 
the instability in fitting a circle to the V-groove in this direc-
tion. Similarly A1, A2 and A3 locate the datum structure in 
the z-direction, but have particularly high uncertainty in the 
z-direction for the same reason. So we can see that the uncer-
tainties inherent in the V-groove tooling design happen to ori-
entate themselves in particularly problematic directions. The 
datum point uncertainties can also be input to the analytical 
uncertainty model to verify this.
An improved process was designed using vector bar 
tooling, as described previously. The positon of the laser 
trackers and reference targets were then optimized using laser 
tracker network optimization algorithms [24].
The MCS described above was then repeated for this 
optimized process. The results of all three uncertainty evalu-
ations are shown in figure  16. In the figure  the uncertainty 
of individual SMR coordinates is represented by the ‘Mean 
Tracker Network’ and the uncertainty of the tooling inferred 
datum points is represented by the ‘Mean Datum Points’. The 
propagation of uncertainty through the datum structure is then 
shown first for the location of the coordinate system origin, 
referred to as ‘Datum Translation’, and then adding to this the 
effect of angular uncertainty in the datum frame on coordi-
nates measured at the edges of the engine, ‘Datum Translation 
and Rotation’. Finally the effect of thermal expansion on 
whole engine measurements is considered.
The errors in the analytical evaluation can be seen to orig-
inate in the location of datum points which can be attributed 
to the directional uncertainty induced by the V-groove tooling 
happening to orientate themselves in particularly problem-
atic directions. It is clear that the biggest improvement is 
predicted to result from the improved tooling used to locate 
the datum points. Subsequent differences in datum trans-
lation and rotation result directly from changes in the net-
work and tooling since no changes have been made to the 
engine datum structure. It is also clear that for the current 
process thermal expansion is negligible when compared to 
other uncertainties while for the improved process thermal 
expansion is expected to become the dominant component 
of uncertainty.
9. Conclusions
A methodology for the evaluation and optimization of uncer-
tainty in large scale industrial measurements has been devel-
oped. This addresses the weaknesses in current methods 
by providing a rigorous assessment of the effects of optical 
tooling and datum alignment. This paper therefore presents 
for the first time a complete evaluation of the uncertainty 
of a large scale industrial measurement process, in this case 
using a laser tracker. Generic analysis and design rules are 
Table 3. Combined uncertainty budget (MCS) for current process.
Datum 
point
SMR uncertainty at k  =  3 (mm)
Facility tooling 
arc coverage (°)
Facility tooling  
scaling factor
Datum point uncertainty at 
k  =  3 (mm)
x y z x y z
A1 0.064 0.127 0.147 80 N/A 0.562 1.058 1.008
A2 0.058 0.134 0.177 80 N/A 0.575 0.991 1.483
A3 0.069 0.198 0.192 80 N/A 0.560 0.991 0.840
A4 0.063 0.139 0.197 80 N/A 0.557 1.083 1.131
A5 0.064 0.189 0.186 60 N/A 0.579 0.190 0.363
A6 0.057 0.108 0.167 60 N/A 0.608 0.190 0.950
Datum translation 0.561 0.542 0.596
Datum rotation (deg) 0.061 0.016 0.012
Max dist. from origin 2360 1577 2760
Resulting uncertainty at edge 1.018 0.739 1.900
Thermal expansion 0.208 0.139 0.243
Combined uncertainty 1.038 0.752 1.915
Magnitude 2.305
Figure 16. Propagation of uncertainty for current and optimized 
measurement processes.
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demonstrated for the evaluation and optimization of mea-
surements of a large aero gas turbine engine. This shows that 
the instrument uncertainty is negligible in comparison to the 
amplifying effect of tooling and datum structures, although it 
should be noted that these effects scale the underlying instru-
ment uncertainty. Before optimization the dominant source 
of uncertainty was the tooling design, after optimization 
the dominant source was thermal expansion of the engine; 
meaning that no further improvement can be made without 
measurement in a temper ature controlled environment.
The engine measurements have shown that improvements 
in tooling design and tracker network configuration have the 
potential to reduce the combined uncertainty of engine meas-
urements by a factor of 6. Following implementation of the 
recommendations into the production process gauge studies 
should be carried out to confirm this improvement and deter-
mine if additional sources of uncertainty related to the fit of 
the tooling are significant.
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